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Abstract-Information and divergence measure are very useful and play an important role in many areas like as
Sensor Networks [11], Testing the order in a Markov chain [12], Risk for binary experiments[13], Region
segmentation and estimation [14] etc. In this paper we establish an upper and lower bounds of Relative
arithmetic-geometric  divergence, Relative J-divergence, Jenson-Shannon’s divergence, Triangular
discrimination, Unified Relative Jensen-Shannon and arithmetic-geometric divergence of types etc. in terms of
Chi-square divergence using a new f-divergence measure and inequalities.
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1. INTRODUCTION

Let
)P =0,> p =
i=1

be the set of all complete finite discrete probability distrj
measures exists in the literature of information theory

(11)
any information and divergence
2] & [3] introduced a generalized

(1.2)
where f:R, =R, isaconvex function an
As in Csiszar [3], The Csiszar’s f-di i lass of divergence measures that includes several
divergences used in measuring sta ween two probability distributions. This class is
introduced by using a conve ‘ defined” on (0, ). An important property of this divergence is that
many known divergences gant t: FOM this measure by appropriately defining the convex function f.
There are some example grgence” measures in the category of Csiszar’s f-divergence measure

Bhattacharya diverge ;
[8], Chi-square di 15 Relative Jensen- shannon dlvergence [16], Relatlve arithmetic-geometric

sen-Shannon and arithmetic-geometric divergence of type s [18]

2. NEW E MEASURE AND ITS PARTICULAR CASES
In this se onsider some properties of a new f-divergence measure [Jain and Saraswat, 10] and its
particular cas ich are may be interesting in areas of information theory is given by
n 40
Sf(P,Q)=Zqif[uj @
=) 20,

Where f :R, — R, isaconvex functionand P,Q €I,

It is shown that using new f-divergence measure we derive some well-known divergence measures such as Chi-
square divergence, Relative J-divergence, Jenson-Shannon’s divergence, Triangular discrimination, Hellinger
discrimination, Bhattacharya divergence, Unified relative Jensen-Shannon and arithmetic-geometric divergence
of type’s etc. in this section. An inequality of f-divergence in terms of Chi-square divergence measure is
established in section 3. Using the inequality of section 3, bounds of various particular measures are found in
terms of Chi-square divergence measure in section 4.

The following results are on similar lines the result presented by Csisz'ar & K" orner [4] and Dragomir [6].
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2.1 PROPOSITION

Let f :[0,00) - R beconvexand P,Q eI, then we have the following inequality

S((P,Q)= (1)
(2.2)
Equality holds in (2.2) iff
p,=q Vi=12,..,n (2.3)
Proof: If f isa convex function then using well known Jensen’s discrete inequality, we get

Sa 10021 Sax |

P+

Put X, =

Equality holds if

2.1.1 COROLLARY (Non-
Let f :[0,00)

f-divergence measure)

normalized, i.e.

f (D) (2.4)

Then for any P, n of proposition 2.1 and (2.4), we have the inequality
S;(P,Q)=>0 (2.5)
If fisgtrict equality holds in (2.5) iff
p=0 Vie[i,2 nj (2.6)
and
S;(P,Q) >0 and S,(P,Q)=0iff P=Q 2.7
2.2 PROPOSITION
Let f,&f, are  two  convex  functions  and g=af +bf, then

Sy(P.Q)=aS; (P,Q)+bS, (P,Q), where a&Db are constantsand P,Q e I'

Proof: Let f :[0,00) — R be convex mapping. Let f & f, are two convex functionsand g =a f, +b f,

o 5,(P.Q)= Zq. ( j Zq. [p.;q.}bqu [pi+qij

i 20
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n +a
Sg(P,Q)quig(—p'zqq'J:an1+bez
i1

i
We now give some examples of well- known information divergence measures which are obtained from new f-
divergence measure.

oIf f(t)=(t —1)2 then Chi-square divergence measure is given by

5, (P-4 32 1)1 e 28
I = N |
e If f(t)=—logt then relative Jensen-Shannon divergence measure is given by
5,(P.Q)=a Iog( = j FQ.P) 9
p| +qi
o If f(t) =tlogt then relative arithmetic-geometric divergence measure is given by
n 4+ 0. 4+ 0.
5, (P.Q)= z(ujlog[MJ =G(@Q.P) @10
i=1 2 20,
(t-1° . ST
olf f(t)= o WVt >0 then Triangular discrimination is given
(p-a)° _1
S (P,Q)= : —A(P,Q) 2.11)
Z ( pl + ql)

olIf f(t)=(t—1)logt then Relative J-divergence me

(2.12)
olf f(t)=@1—+t
(2.13)
[a(a—1)
eIf f(t)=45-logt (2.14)

Then Unified rel hannon and Arithmetic-Geometric divergence measure of type « is given by
FG,(Q.P)=[a(a-D] {Z (p';(;q ] 1], a#0,1
=1 i
n 2 )
$;(P,Q)=Q,(Q,P)={F@Q,P)=>_q, |09(ﬁj, a=0 (2.15)
i=1 i i
(Pt P +0,
G(Q,P) = L llog| —— |, =1
(Q,P) .2_1:( > j 9[ 2 j a

3. SOME INEQUALITIES BETWEEN NEW F-DIVERGENCE AND THE CHI-
SQUARE DIVERGENCE MEASURE

The following theorem concerning inequalities among new f-divergence measure and Chi-square divergence
measure holds. Its particular cases are given in Section 4.
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The results are on similar lines to the result presented by Dragomir [6] and Jain & Saraswat [9].

3.1 THEOREM

Let f :(0,00) — R is normalized mapping i.e. f (1) =0 and satisfy the assumptions.
(i) f istwice differentiable on (r, R), where 0<r <1< R <0
(if) There exist constants m, M such that

2m< f'(t) <2M (3.1)
If P, Q are discrete probability distributions satisfying the assumptions
1 -+ 0 .
r<—£ri:u£R, Vie{l,2,.... n} (3.2)
2 2q,

Then we have the following inequality
m M
ZZZ(P!Q) S Sf (P1Q) SIZZ(P1Q)

Proof: - Define a mapping F_ : (0,00) - R,F_(t)= f(t)—m(t—1)*. Then F
differentiable and since

F, ") =f'(t)-2m=[f"(t)-2m]>0 (3.4)
For allt e (r,R), it follows that F_(.)is convex on (r,R) . Applyiagyno @ property of new f-
divergence measure for Fm () and by proposition2.2, we may state that

0<S, (P.Q)=5,(P.Q)-mS ;. (Pg®) =S, (PR °(P.Q)

= 0<S,(P,Q) -1

from where the first inequality in (3.3). .
Now we again Define a mapping Q,, (
normalized, twice differentiable and by (3°

(3.5)

=M (t—1)>— f(t) , which is obviously
) . Applying non-negativity property of new f-

divergence measure for FM () and t e obtain the second part of (3.3) i.e.

(P.Q) (3.6)

REMARK._1 If we haye strigt i in (3.3) for any t e (r, R) then the mapping F, (.)and F,, (.) are
strictly convex and equ iff P=Q

REMARK.2 @lt Wi t note that f is twice differentiable on (0,0) and
m< fr(t 0,0), then inequality (3.1) holds for any probability distributions P, Q.

in Information Theory and Statistics.
The results are on similar lines to the result presented by Dragomir [6] and Jain & Saraswat [9].

4.1 PROPOSITION

Let P,Q eI',, be two probability distributions with the property that

r<1£n:MsR,Vie{l,2, ........... n}
2 2q,
Then we have the following inequality
1 . 1 5
P,Q <F(Q,P)< P, 41
4R2;c( Q) <F(@Q.P) 4rzx( Q) (4.1)

Proof:-Consider the mapping f : (r,R) > R .

pg. 10
WwWw.ijtrs.com

WWW.ijtrs.org
Paper Id: 1JTRS-V1-13-002 Volume 1 Issue 3, June 2016



ISSN No.: 2454- 2024 (online)

DN\

TITRS

Internationl journal of technical

International Journal of Technical Research & Science
£(t) =—logt,  (t) =—%, £(t) =tiz>o, V>0
f"(t)>0and f(1)=0,Sofunction f isconvex and normalized.
Define g(t) = f "(t) =t£2
Then obviously
= inf g(t)_—z, = sup g(t)—— (4.2)
te[r.R] te[r,R]

Also S, (P,Q) =F(Q,P) from equation (2.9)
From equation (2.9), (3.3) & (4.2) give the result (4.1).

4.2 PROPOSITION

Let P,Q eI',, be two probability distributions satisfying (3.2) then we have llowing, inequality
1 2 1 2
— 1 (P.Q)<G(Q,P)<—»*(P.Q) (4.3)
4R 4r
Proof:-Consider the mapping f : (r,R) > R .
£(t) =tlogt,  (t) =1+ logt, f "(t) =% vt
f"(t)>0and f(1)=0,Sofunction f isconvex and n@rmalized. Q
Define g(t) = f"(t _1
Then obviously ’
1
M = inf g(ths—= t)== 4.4
Jnf 9( ©=2 (4.4)
since S; (P,Q)=G(Q,P) from
From equation (2.10), (3.3), & (
4.3 PROPOSITION
Let P,Q eIz be ity distributions satisfying (3.2) then we have the following inequality
2 (P,Q)<A(P,Q) < ;( *(P,Q) (4.5)

Proof:4@ansi pping f : (r,R) >R .

(t-1? 1) 1 O D ]
(t) = (t+r2), f(t)_(l tzj, ()=

f"(t)=0and f(1) =0, So functlon f is convex and normalized.
- n 2
Define g(t) = f "(t) = e

Then obviously

2 : 2
= sup g()=—, m=inf g(t)=—5 (4.6)

te[r,R]
Since S, (P,Q) = EA(P’ Q) from equation (2.11)
From equation (2.11), (3.3) & (4.6) give the result (4.5).

4.4 PROPOSITION
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LetP,Qe I",, be two probability distributions satisfying (3.2) then we have the following inequality

1+R ,
R (P,Q)<J:(P,Q)<

Proof:-Consider the mapping f : (r,R) > R .

1+r

52 7°(P,Q) (4.7)

f(t)=(t-1logt, f'(t) :(1—%j+logt, f"(t) :@ >0, vt >0

f"(t)>0and f(1)=0,Sofunction f isconvex and normalized.

1+t
Define g(t) = f (1) = :; )
g(t) is monotonic deceasing Vt >0
Then obviously
1+r 1+R
M:supg(t):(t),m:inf g(t):(+ ) (4.8)
te[r,R] r te[r.R]

Since S; (P,Q) :%JR(P,Q) from equation (2.12)

From equation (2.12), (3.3) & (4.8) give the result (4.7).

4.5 PROPOSITION
Let P,QeI", be two probability distributio is : t@] we have the following inequality
2 ’ 2
r<s , )
7' (P.Q=NQ PR PR), 22 49)
2
Q

a-2
R 2

’(P,.Q), a<2 (4.10)

QP

Proof:-Consider the mapping f
f(t) =[a(a-D] [t*

f(t)=[ala-D]"
f"(t)>0 and

a-1"t % £ (1) =t"? >0, vt >0

unction f is convex and normalized.

sup g(t)=R*?, m =ti[rJfR] glt)=r*? (4.11)

er,R]
Since S, (P,Q . (Q,P) from equation (2.14)
From equation (2.14), (3.3) & (4.11) give the result (4.9) & (4.10)

45.1 COROLLARY
1
a=§ for result (4.10) of proposition 4.5 and Let P,Qern be two probability distributions

satisfying (3.2) then we have the following inequality

1 P+Q 1,
16R72 % (P,Q)S[l—B( 5 ’QHSWZ (P,Q) (4.12)

and
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2 P+Q
x(RQ)Sh( 22051 (PQ) 419

1
16RY?

1
Proof: - Consider the mapping f : (r,R) >R . If a = 3 then function

1 1 3
ft)=4@1-12), f'(t)=-2t 2, f"(t)=t 2>0, Vt>0
f"(t)=0and f(1)=0,Sofunction f isconvex and normalized.
3

g(t)=f )=t 2
3 3
M =sup g(t)=r 2, m =ti[nfR]g(t) =R 2 (4.14)

te[r,R]

Since S, (P,Q) = 4{1— B( P;Q Qﬂ = 4h( P;Q ,QJ from (2.13) (4.15)

From equation (2.13), (3.3), (4.14) & (4.15) give the result (4.12) & (4.13)

4.5.2 Corollary

For & =0&1 of result (4.9) are already proved in propositions (4.1) 2).
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